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structures on lens spaces
Edoardo Fossati
In this article we give a sharp upper bound on the possible values of the Euler charac-
teristic for a minimal symplectic filling of a tight contact structure on a lens space. This
estimate is obtained by looking at the topology of the spaces involved, extending this way
what we already knew from the universally tight case to the virtually overtwisted one. As
a lower bound, we prove that virtually overtwisted structures on lens spaces never bound
Stein rational homology balls.
Then we turn our attention to covering maps: since an overtwisted disk lifts to an over-
twisted disk, all the coverings of a universally tight structure are themselves tight. The
situation is less clear when we consider virtually overtwisted structures. By starting with
such a structure on a lens space, we know that this lifts to an overtwisted structure on S3,
but what happens to all the other intermediate coverings? We give necessary conditions
for these lifts to still be tight, and deduce some information about the fundamental groups
of the possible Stein fillings of certain virtually overtwisted structures.
1 Introduction
Classifying symplectic fillings (up to homeomorphism, diffeomorphism or symplectic deforma-
tion equivalence) of a given contact 3-manifold can be a very hard task, despite some progress
has been made in the last years. Lens spaces surely represent a class of 3-manifolds for which
many results are known. McDuff showed in [McD90] that L(p, 1), endowed with the standard
tight contact structure, has a unique Stein filling when p 6= 4, and two different Stein fillings
when p = 4. Later, Lisca [Lis08] extended McDuff’s results and gave a complete list of the
Stein fillings of (L(p, q), ξst). Partial results about fillings are available when one considers
non-standard tight contact structures on lens spaces, i.e. those that pull back to an over-
twisted structure on the universal cover S3 and that are therefore called virtually overtwisted
(see [PHM10], [Kal13], [Fos19]). A more modest approach is trying to give some constraints
on the topological invariants of the Stein fillings (or more generally minimal symplectic fill-
ings), even if a complete classification is missing. For example, some topological constraints for
Stein fillings of planar contact structures have been found by [Wan12]. In this article we focus
our attention on lens spaces. Let p > q > 1 be coprime integers and compute the continued
fraction expansion
p
q
= [a1, a2, . . . , al] = a1 − 1
a2 − 1
. . .− 1al
,
with ai ≥ 2 ∀i = 1, . . . , l. We will often refer to the length l of this expansion. We prove the
following:
Theorem 1. Let W be a minimal symplectic filling of L(p, q) and let l = length(p/q). Then
χ(W ) ≤ 1 + l.
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This is just a topological constraint, not involving contact structures, and therefore it
is valid both for the universally tight and virtually overtwisted cases. Moreover, the upper
bound is always realized by a minimal symplectic filling whose intersection form is uniquely
determined:
Theorem 2. Let ξ be any tight contact structure on L(p, q) and let l = length(p/q). Let Xi
be minimal symplectic fillings of (L(p, q), ξ) with b2(Xi) = l for i = 1, 2. Then the intersection
forms QX1 and QX2 are isomorphic.
By studying the behavior of contact structures along covering maps (see section 4), we also
prove the following corollary, regarding the uniqueness (in certain cases) of the filling with
maximal Euler characteristic:
Corollary 3. Let ξ be any tight contact structure on L(p, q), with p prime, and let l =
length(p/q). Let Xi be minimal symplectic fillings of (L(p, q), ξ) with b2(Xi) = l for i = 1, 2.
Then X1 and X2 are homeomorphic.
On the other hand, the first Betti number of a Stein filling W of a lens space L(p, q) is
always zero ([OS13, page 216]), hence we have an obvious lower bound on the value χ(W ),
which is χ(W ) = b0(W ) = 1: this is realized precisely when (L(p, q), ξ) bounds a Stein rational
homology ball. Lisca proved in [Lis07] that, in order to guarantee the existence of rational
balls with boundary a lens space, the numbers p and q must fall into one of three families with
specific numerical conditions. Moreover, Stipsicz, Szabo and Wahl [SSW08] showed that if a
symplectic structure can be put on any of these rational balls, then p and q are necessarily of
the form p = m2 and q = mk − 1, for some m > k > 0 with (m, k) = 1. It was also known
that (L(m2,mk− 1), ξst) bounds a Stein rational ball and we use this fact to prove that in the
virtually overtwisted case this never happens, concluding that:
Theorem 4. Let W be a symplectic filling of (L(p, q), ξvo). Then χ(W ) ≥ 2.
In section 4 we give a series of examples using the description of tight structures given by
Honda in [Hon00a] to study explicit cases of covering maps between lens spaces endowed with
contact structures and prove the following:
Theorem 5. Let p, q and d be such that p < dq. Then every virtually overtwisted contact
structure on L(p, q) lifts along a degree d covering to a structure which is overtwisted.
The last part is dedicated to the study of the fundamental group of Stein fillings of virtually
overtwisted structures on lens spaces, combining the results above about Euler characteristic
with what we developed on the behavior of coverings. As a consequence of theorem 1, we will
prove theorem 6 and provide some specific examples and applications.
Theorem 6. Let X be a Stein filling of L(p, q) with pi1(X) = Z/dZ. Then
χ(X) ≤ 1 + l
d
,
where l = length(p/d, q).
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and comments on the contents of this article, which will be part of his PhD thesis. Thanks
are also due to Ko Honda for helpful email correspondence. A few remarks on the first version
of the paper came from Marco Golla, who found a gap in the proof of proposition 22 (which
has been filled now). Moreover, he provided examples of non simply-connected Stein fillings
of some virtually overtiwsted structures on certain lens spaces, answering a question that was
originally formulated in the first version of this paper and whose solution is now presented at
the end of the work.
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2 Upper bound for the Euler characteristic
The goal of this section is to prove theorems 1 and 9. Before that, we need two lemmas.
Start with L(p, q) and take the expansion pq = [a1, a2, . . . , al], where all the ai’s are ≥ 2,
as in the Introduction. Call Λ the associated negative definite lattice with l vertices (where
l = length(p/q)):
Λ =
−a1 −a2 −a3
. . .
−al
We apply Riemenschneider’s dots method [Rie74] to build a negative definite filling of L(p, p−q)
whose intersection lattice will be called Λν . This is obtained by reading column-wise the entries
of table 1.
a1−1︷ ︸︸ ︷
• • · · · •
• • · · · •
. . .
• • · · · •︸ ︷︷ ︸
a2−1
︸ ︷︷ ︸
al−1
Table 1: Riemenschneider’s dots method.
If we call lν the number of columns and set
cj = 1 + #{dots in the jth column},
then we obtain the continued fraction expansion of p/(p− q) as
p
p− q = [c1, c2, . . . , clν ].
Lemma 7.
length(p/q) + length(p/(p− q)) = 1 +
l∑
i=1
(ai − 1).
Proof. We know length(p/q) = l, so we compute length(p/(p− q)). This is just the number
lν of columns:
lν = (a1 − 1) + (a2 − 2) + . . .+ (al − 2)
=
l∑
i=1
(ai − 2) + 1
=
l∑
i=1
(ai − 1)− l + 1.
Therefore length(p/q) + length(p/(p− q)) = 1 +∑li=1(ai − 1). 3
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Lemma 8. Let N be the maximum integer such that Λν ↪→ 〈−1〉N with no (−1)-class in the
complement. Then
N = 1 +
l∑
i=1
(ai − 1) = 1 +
lν∑
i=1
(ci − 1).
Moreover, such embedding is unique.
Proof. First of all notice that the maximum exists because the sum of the weights of the
graph is finite. Then we have:
Λν =
−c1 −c2 −c3
. . .
−clν
By switching the roles of p/q and p/(p− q) it is clear from lemma 7 that
length(p/q) + length(p/(p− q)) = l + lν = 1 +
l∑
i=1
(ai − 1) = 1 +
lν∑
i=1
(ci − 1).
To embed the graph Λν in such a way that there is no (−1)-class in the complement implies
that all the elements in the canonical basis {e1, . . . , eN} of 〈−1〉N appear in the image of some
vertex of the graph. Therefore, to obtain the maximal such N , we have to impose only the
requirements that
1) the ith vertex is sent to a combination of ci-many distinct basis elements and
2) any two consecutive vertices of Λν share, via the embedding, exactly one element ej .
If one of these conditions is not satisfied, then we end up with (at least) one line 〈ej〉 which
is not hit by the image of Λν and that will produce an element in the orthogonal with square
−1. Hence
N = c1 + (c2 − 1) + . . .+ (clν − 1) = 1 +
lν∑
i=1
(ci − 1).
Notice that N = l + lν .
Up to isomorphism, there is a unique way to emebed Λν into 〈−1〉l+lν , if we require that
in the orthogonal there is no element of square −1: the image of the first vertex (i.e. the one
with weight −c1) must be a sum of c1-many distinct elements ei. The second vertex is sent
to a combination of c2 elements, among which exactly one has already appeared in the image
of the first vertex, and so on. Therefore, calling ni the ith vertex with weight −ci, the unique
maximal embedding of Λν , up to isomorphism, is:
n1 7→ e1 + e2 + . . .+ ec1
n2 7→ −ec1 + e(c1+1) + . . .+ e(c1+c2−1)
n3 7→ −e(c1+c2−1) + e(c1+c2) + . . .+ e(c1+c2+c3−2)
. . .
nlν 7→ −e(c1+...+clν−1−lν+1) + e(c1+...+clν−1−lν+2) + . . .+ e(c1+...+clν−lν+1).
Note in fact that the last element appearing above in the image of nlν has subscript
c1 + . . .+ clν − lν + 1 = 1 +
lν∑
i=1
(ci − 1)
which is equal to l + lν = N . This concludes the proof. 3
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Remark. In [GGP17, corollary 1.8] it is proved the following: let (W,ω) be a weak sym-
plectic filling of a planar contact manifold (Y, ξ). If B ∈ H2(W ;Z) is a homology class of square
−1, then B is representable by an embedded symplectic sphere that can be blown down.
We are now ready to give the following:
Proof. (of theorem 1) Form the closed manifold XΛ∪∂XΛν by gluing the two manifolds with
boundary realized as plumbings, as in figure 1.
XΛνXΛ
L
XΛν
L
W
Figure 1: The closed manifold XΛ ∪∂ XΛν .
From lemmas 7 and 8, we see that
N = length(p/q) + length(p/(p− q)) = rank(Λ) + rank(Λν),
Suppose by contradiction that there is a minimal filling W with b2(W ) > l (remember that
each Stein filling has b1 = 0 by [OS13] and that minimal fillings of planar contact structures
are deformation equivalent to Stein domains). Since all the tight contact structures on L =
L(p, q) are planar (see [Sch07, theorem 3.3]), by the work of Etnyre [Etn04] it follows that
the intersection form of W is negative-definite. Now form the closed manifold W ∪∂ XΛν ,
as in figure 2, and look at its intersection form, which, by Donaldson’s theorem [Don87], is
XΛνXΛ
L
XΛν
L
W
Figure 2: The closed manifold W ∪∂ XΛν .
diagonalizable and hence isomorphic to 〈−1〉r with
r = b2(W ) + l
ν
which, by our assumption, is greater than N . Therefore we have an embedding
Λν ↪→ 〈−1〉r>N ,
but since N was the maximal integer with no (−1)-class in the complement, it follows that
QW contains a (−1)-class. This is a contradiction with previous remark. 3
Theorem 9. Let Y = L(p, q) and call l = length(p/q). Let ξ be any tight contact structure
on Y and Xi minimal symplectic fillings of (Y, ξ) with b2(Xi) = l for i = 1, 2. Then the
intersection forms QX1 and QX2 are isomorphic.
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Proof. If we glue X1 or X2 to XΛν we obtain a closed negative-definite smooth manifold and
an embedding Λν ↪→ 〈−1〉b2(Xi)+lν = 〈−1〉l+lν . Since Xi is a minimal filling, in the orthogonal
of Λν there cannot be any (−1)-class, otherwise we would contradict [GGP17, corollary 1.8].
By lemma 8 there is a unique embedding with this property, hence the isomorphism class of
the orthogonal, which corresponds to the intersection form of the negative definite 4-manifold
glued to XΛν , is automatically fixed. Therefore the fillings X1 and X2 have isomorphic inter-
section forms. 3
3 Lower bound for the Euler characteristic
The goal of this section is to prove theorem 4, i.e. that, among the virtually overtwisted
structures on lens spaces, none of these can be filled by a Stein rational homology ball.
Let (Y, ξ) be a contact 3-manifold with c1(ξ) a torsion class. Then it is possible to define
the invariant
d3(Y, ξ) =
1
4
(c1(X,J)
2 − 3σ(X)− 2χ(X)) ∈ Q,
where (X, J) is any almost complex 4-manifold with boundary ∂X = Y such that ξ is homo-
topic to TY ∩ JTY (compare with lemma 6.2.6 of [OS13]).
Lemma 10. If (Y, ξ) bounds a Stein rational homology ball, then d3(Y, ξ) = − 12 .
Proof. The quantity d3 = 14 (c
2 − 3σ − 2χ) does not depend on the chosen filling, and if
(Y, ξ) = ∂(X,J) with H2(X;Q) = H1(X;Q) = 0, then
d3(Y, ξ) =
1
4
(c1(X, J)
2 − 3σ(X)− 2χ(X)) = 1
4
(0− 0− 2) = −1
2
.
3
In the case of lens spaces, the previous equation reads as:
d3 =
1
4
(c2 − 3σ − 2(1− σ)) = 1
4
(c2 − σ − 2),
because all the Stein fillings have b1 = 0 ([OS13]) and b2 = b−2 ([Etn04]). This means that, if
(L(p, q), ξ) bounds a Stein rational ball, then for any other filling (X, J) we have:
−1
2
=
1
4
(c1(J)
2 − σ(X)− 2) ⇒ c1(J)2 = σ(X).
We need first to characterize the topological type of those lens spaces which bound a symplectic
rational ball, and then we will argue that this filling cannot induce a virtually overtwisted
structure on its boundary, by showing that the equality c1(J)2 = σ(X) holds just for universally
tight structures.
According to [Lis07] and [GL12, page 247] (who gave a corrected statement of case (1)
below), we know that the lens space L(p, q) bounds a rational ball if and only if p and q fall
into one of these families:
(1) p = m2 and q = mk ± 1 with m > k > 0 and (m, k) = 1 or (m, k) = 2;
(2) p = m2 and q = d(m± 1), where d > 1 divides 2m∓ 1;
(3) p = m2 and q = d(m± 1), where d > 1 is odd and divides m± 1.
Proposition 11. If the lens space L = L(p, q) bounds a symplectic rational ball, then p
and q are as in case (1) above with (m, k) = 1.
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Proof. Let P be the plumbed symplectic (in fact Stein) 4-manifold built according to the
linear graph associated to a lens space L, and suppose that this graph has n vertices. Call t
the spinc structure induced on L. Since P carries a symplectic structure, we have an induced
contact structure ξ on L. If we assume that (L, ξ) bounds also a symplectic rational ball X,
then t extends over X and over −X too. Therefore we end up with a spinc structure s on the
closed 4-manifold
M = P ∪L −X
whose first Chern class squares to:
c1(s)
2 = c1(P )
2 − c1(X)2 = σ(P ) = −n.
The intersection form on M is negative definite, hence standard, and so c1(s) is just the sum
of the generators
c1(s) = E1 + . . .+ En.
By the article of Stipsicz-Szabo-Wahl [SSW08], it follows that P represents a configuration of
symplectic embedded spheres inside M , and they conclude that the lens space is of the form
L = L(m2,mk − 1). 3
Now we want to compute c1(J)2 for the filling of (L(p, q), ξ) realized as plumbing described
by the linear graph of the expansion p/q. To do this, we need to specify the vector r of rotation
numbers for the components of the linear plumbing. If
p
q
= [v1, v2, . . . vn] = v1 − 1
v2 − 1. . .− 1vn
,
with all vi ≥ 2, then the quantity c1(J)2 is given by
rT (Q)−1r,
where Q is the matrix of the intersection form
Q =

−v1 1
1
. . . . . .
. . . . . . . . .
. . . . . . 1
1 −vn

.
According to [Hon00a], there are two universally tight contact structure on L(p, q) up to isotopy
(and just one on L(p, p−1)). Honda also characterizes the rotation number of each component
of the link given by the chain of Legendrian unknots, whose associated Legendrian surgered
manifold is (L(p, q), ξst).
Let y = (−v1 + 2,−v2 + 2, . . . ,−vn + 2) be the vector of these rotation numbers, i.e.
the vector corresponding to one of the two universally tight (standard) structures on L(p, q),
the other one being −y. By construction, the rotation vectors representing the virtually
overtwisted structures have components xi satisfying
|xi| ≤ |yi|,
with at least one index i for which |xi| < |yi|.
Consider the function f : Rn → R given by z 7→ ||z||Q−1 = zT (Q)−1z and notice that
f(y) = σ = −n.
Theorem 4 follows directly from proposition 13, but first we need:
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Lemma 12. All the entries of the matrix Q−1 are strictly negative (in short: Q−1  0).
Proof. The condition Q−1  0 is true if we show that Q−1x  0 holds whenever x is a
non-zero vector with non-negative components, i.e. 0 6= x ≥ 0 (this is just a consequence of
the fact that the columns of Q−1 are the images of the vectors of the canonical basis).
So we need to check that: 0 6= x ≥ 0 implies Q−1x  0. Rephrased in a different way
(using the fact that Q is a bijection), we will show that
0 6= Qx ≥ 0⇒ x 0.
The condition Qx ≥ 0 gives us a system
−v1x1 + x2 ≥ 0
x1 − v2x2 + x3 ≥ 0
. . .
xn−1 − vnxn ≥ 0
where all the vi’s are ≥ 2. Let k be an index with
xk = max
i
{xi}i.
We want to show that xk < 0. Suppose that 1 < k < n. Then
xk−1 − vkxk + xk+1 ≥ 0
xk−1 + xk+1 ≥ vkxk
and therefore
2xk
(a)
≥ xk−1 + xk+1 ≥ vkxk
(b)
≥ 2xk.
The inequality (a) follows by the definition of xk, while (b) is true if xk ≥ 0 (if it is < 0 then
we would be already done). This implies that xk−1 = xk+1 = xk and so we can assume, by
iterating this argument, that k = 1 (the case k = n is the same). We have:
−v1x1 + x2 ≥ 0
x2 ≥ v1x1
and again, as before
x1 ≥ x2 ≥ v1x1 ≥ 2x1.
Therefore x1 ≥ 2x1, so x1 ≤ 0. To exclude x1 = 0 just notice that if this were the case, then
from −v1x1 + x2 ≥ 0 it would follow that x2 = 0 (being x1 = 0 the maximum among the
xi’s), and consequently all the remaining x3 = . . . = xn = 0, contradicting the assumption
Qx 6= 0. 3
Proposition 13. For any rotation vector x satisfying the constraints above, we have
f(x) > f(y).
This implies that the contact structures encoded by the vector x (i.e. the virtually overtwisted
ones) cannot bound any Stein rational ball.
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Proof. Inside Rn we look at the region D = {(x1, . . . , xn), |xi| ≤ |yi| ∀i}. The goal is to
show that the minimum of f |D : D → R is realized on the vectors which correspond to the
universally tight structures y and −y, lying on ∂D.
Since Q (and hence Q−1) is negative definite, f is concave. Being f a negative definite
norm, we know that it is has a unique maximum, which is the origin. Moreover, the minimum
of f |D is reached on the boundary ∂D. The fact that it is realized on y and −y follows from
lemma 12. 3
4 Coverings of tight structures on lens spaces and applications
In general, it can be hard to tell if the pullback of a tight contact structure on a 3-manifold
along a given covering map is again tight. The situation is much easier if we restrict to lens
spaces because of two reasons:
1) tight structures are classified;
2) coverings corresponds to subgroups of the fundamental group, which is finite cyclic.
If we start with a virtually overtwisted structure ξvo on L(p, q) we get an overtwisted structure
pi∗ξvo on S3, where pi : S3 → L(p, q) is the universal cover. If p is a prime number, then this is
the only cover that L(p, q) has, otherwise there is a bigger lattice of covering spaces depending
on the divisors of p.
Studying the behavior of coverings of a contact 3-manifold gives information about the
fundamental group of its fillings:
Theorem 14. Let Y be a closed and connected 3-manifold whose fundamental group pi1(Y )
is simple. Let ξ be a virtually overtwisted contact structure on Y , and (X, J) a Stein filling of
(Y, ξ). Then X is simply connected.
Proof. Let i : Y ↪→ X be the inclusion of the boundary Y = ∂X. Being (X, J) a Stein filling
of (Y, ξ), the induced morphism i∗ : pi1(Y ) → pi1(X) is surjective. Moreover, by simplicity of
pi1(Y ), we have that ker i∗ can either be:
• ker i∗ = 1 :
In this case, take a finite cover p : (Ŷ , ξot) → (Y, ξ) for which ξot is overtwisted. Call n
the degree of such cover. Define the group
G = i∗p∗pi1(Ŷ ) ≤ pi1(X),
consider the covering space of X associated to G and call it X̂G. We can assume that
X̂G is connected (otherwise just apply the following argument to any component). Since
deg(X̂G → X) ≤ n, we have that X̂G is compact. We are in the case where i∗ is an
isomorphism and so ∂X̂G contains a diffeomorphic copy of Ŷ . But by lifting the Stein
structure from X to X̂G we get a Stein structure on X̂G which fills the (not necessarily
connected) contact boundary. This is not possible since the overtwisted (Ŷ , ξot) is not
semi-fillable. (as proved in [Eli90] and [Gro85].)
• ker i∗ = pi1(Y ) :
This tells that i∗ is identically zero, and so that, by surjectivity, pi1(X) = 1 as wanted.
3
Note that any Stein semi-filling of a lens space is actually a filling, i.e. its boundary is con-
nected. This comes from [OS04, theorem 1.4].
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Corollary 15. Let ξ be a virtually overtwisted structure on L(p, q) with p prime and let
(X,J) be a Stein filling of it. Then pi1(X) = 1.
Corollary 16. Let Y = L(p, q) with p prime and call l = length(p/q). Let ξ be a virtually
overtwisted contact structure on Y and (Xi, Ji) Stein fillings of (Y, ξ) with b2(Xi) = l for
i = 1, 2. Then X1 and X2 are homeomorphic.
Proof. To prove this corollary we need three facts:
1) X1 and X2 are both simply connected by corollary 15;
2) X1 and X2 have isomorphic intersection forms by theorem 9;
3) the fundamental group of their boundary is pi1(Y ) ' Z/pZ.
Then [Boy86, proposition 0.6] applies and tells that X1 and X2 are homeomorphic. 3
Now we want to study more carefully the behavior of the virtually overtwisted contact
structures under covering maps, in order to derive some consequences on the possible funda-
mental groups of the fillings. The driving condition is the following observation: let p : Ŷ → Y
be a covering map between compact and connected 3-manifolds, and let i : Y ↪→ X be the
inclusion of the boundary Y = ∂X. Then, by covering theory:
∃ covering X̂ → X that restricts to a covering ∂X̂ → Ŷ
m
ker i∗ ≤ p∗pi1(Ŷ ).
The way we want to apply this is to deduce that ker i∗ should be big enough not to be contained
in those subgroups of pi1(Y ) for which we can associate an overtwisted cover. For example, if
X is a Stein filling of Y and we are able to construct overtwisted coverings of Y associated to
every maximal subgroups of pi1(Y ), then the kernel of i∗ is forced to be the whole pi1(Y ), being
this one the only subgroup of pi1(Y ) not contained in any maximal subgroups. By surjectivity
of i∗ we would then conclude that X is simply connected.
This looks to be promising because in the case of lens spaces it is easy to determine all
the maximal subgroups of the fundamental group. It is nevertheless not so immediate to
understand the behavior of the contact structure under the pullback map of a covering, but
in certain cases we can use a necessary condition of compatibility of Euler classes to get some
results. To better explain this, let us consider the following:
Example. Let (L(34, 7), ξvo) be obtained by contact (−1)-surgery on the Legendrian link
of figure 3. If we orient the two components in the counter-clockwise direction we get rotation
numbers respectively +3 and −5.
After factoring 34 = 17 · 2, we see that there are just two coverings:
L(17, 7)→ L(34, 7), L(2, 7) ' L(2, 1)→ L(34, 7).
We will show that the given contact structure ξvo on L(34, 7) lifts in both cases to an over-
twisted structure. This tells us that, given any Stein filling X of L(34, 7), the kernel on the
inclusion map at the level of fundamental groups cannot be contained in Z/17Z nor Z/2Z and
therefore is the whole Z/34Z, so X is necessarily simply connected.
• The lift of ξvo to L(2, 1) is overtwisted, because the only tight structure on L(2, 1) is
universally tight and this one pulls backs to the tight structure on S3, but since ξvo is
virtually overtwisted the lift to S3 must be overtwisted.
10
−5 −7
Figure 3: Contact (−1)-surgery producing L(34, 7).
• To exclude that ξvo pulls back to a tight structure on L(17, 7) we analyze the possible
tight structures supported there. The fraction expansion of 17/7 is
17
7
= [3, 2, 4]
and so we see that there are 6 tight structures on L(17, 7) up to isotopy (and 3 up to
contactomorphism, which are specified in figure 4).
For these structures we compute the Poincaré dual of the Euler class, seen as an element
of Z/17Z ' H1(L(17, 7);Z). The previous isomorphism is realized by choosing as a
generator the meridian curve µ1 of the yellow curve with Thurston-Bennequin number 2.
Let ξ be any of the three tight contact structures on L(17, 7) of figure 4.
−1
−1
−1
−1
−1
−1
−1
−1
−1
(a) ξ1
−1
−1
−1
−1
−1
−1
−1
−1
−1
(b) ξ2
−1
−1
−1
−1
−1
−1
−1
−1
−1
(c) ξ3
Figure 4: Tight structures on L(17, 7).
The class PD(e(ξ)) is the image via the boundary map
∂ : H2(W,∂W )→ H1(∂W ) ' H1(L(17, 7))
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of the Poincaré dual of the relative first Chern class of the Stein structure on W , where
W is the Stein domain described by the corresponding diagram of figure 4. The PD of
the relative first Chern class is (see [OS13])
rot(K1)[D1, ∂D1] + rot(K2)[D2, ∂D2] + rot(K3)[D3, ∂D3],
where the Ki’s are the three components of the link and the [Di, ∂Di]’s are the relative
homology classes of the meridian disks of the 4-dimensional 2-handles attached to form
the Stein filling W . Calling µi = ∂[Di, ∂Di] = [∂Di], for i ∈ {1, 2, 3}, the meridians of
the attaching circles of these handles, we have
PD(e(ξ)) = rot(K1)µ1 + rot(K2)µ2 + rot(K3)µ3.
Let Q be the matrix describing the intersection form of W , which is the same as the
linking matrix −3 1 01 −2 1
0 1 −4
 .
From the exact sequence
H2(W )
Q
// H2(W,∂W )
∂ // H1(∂W ) ' H1(L(17, 7)) ,
we get three linear relations 
−3µ1 + µ2 = 0
µ1 − 2µ2 + µ3 = 0
µ2 − 4µ3 = 0.
which tell that µ2 = 3µ1 and µ3 = 2µ2 − µ1 = 5µ1. By putting everything together we
get:
PD(e(ξ)) = ∂(PD(c1(W,J)))
= ∂(rot(K1)[D1, ∂D1] + rot(K2)[D2, ∂D2] + rot(K3)[D3, ∂D3])
= rot(K1)µ1 + rot(K2)µ2 + rot(K3)µ3
= (rot(K1) + 3 rot(K2) + 5 rot(K3))µ1.
If we substitute the values of the rotation numbers for the three different contact struc-
tures of figure 4 we find:
PD(e(ξ1)) = 11µ1, PD(e(ξ2)) = µ1, PD(e(ξ3)) = 8µ1.
Since the contact structure described in figure 3 we started from has
PD(e(ξ)) = 12µ,
with µ being the meridian curve of the yellow curve of figure 3 (which is the image of the
curve µ1 under the covering map p : L(17, 7) → L(34, 7)). At the level of the homology
group H1 the covering map is a multiplication by 2 (the degree of the covering) and by
naturality we need to find
p∗(PD(e(p∗(ξ)))) = 2 PD(e(ξ)) ∈ H1(L(34, 7)).
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But
2 · 11 6= 2 · 12 ∈ Z/34Z, 2 · 1 6= 2 · 12 ∈ Z/34Z, 2 · 8 6= 2 · 12 ∈ Z/34Z,
therefore we have that none of the three structures of figure 4 is the pullback of our
starting structure of figure 3. But those were the only (up to contactomorphism) tight
structures on L(17, 7), so we conclude that the pullback is necessarily overtwisted, as
wanted.
Note that we could have excluded a priori the contact structure ξ1 of figure 4a, being this
universally tight.
Similar computations can be done if we start with a Legendrian representation of the Hopf link
of figure 5 with rotation numbers ±(−3, 1), ±(−3, 3), ±(−3, 5), ±(−1, 1), ±(−1, 3), ±(−1, 5).
We made use of the software Mathematica to carry out the computations and check that there
is no tight structure on the double cover L(17, 7) with compatible Euler class.
−5 −7
Figure 5: Hopf link for L(34, 7).
The fact that the Stein fillings of these virtually overtwisted structure on L(34, 7) are simply
connected can be deduced, as we just did, simply by looking at the two different coverings. This
is something we already knew from the classification of fillings of those lens spaces obtained
by contact surgery on the Hopf link, since the fraction expansion of 34/7 has length 2 (see
[Fos19]).
Example. Sometimes, an even quicker argument can be used to understand the behavior
of a contact structure along certain covering maps. Let’s take as an example L(52, 11), whose
associated fraction expansion has length 3:
−52
11
= [−5,−4,−3].
The two maximal subgroups of Z/52Z are Z/4Z and Z/26Z, and again, by running the com-
putation of the Euler classes as above, we can determine which virtually overtwisted contact
structure on the base cannot lift to a tight structure. But if we look at the covering of degree
13, we find L(4, 11) ' L(4, 3) as total space, and since
−4
3
= [−2,−2,−2],
we see that the only tight structure it supports is universally tight. Similarly, if we consider
the covering L(13, 11)→ L(52, 11) which has degree 4, we notice that
−13
11
= [−2,−2,−2,−2,−2,−3]
and hence also L(13, 11) supports only universally tight structures, among the tight ones. In
the covering lattice of L(52, 11) it remains to study just the case of L(26, 11), for which the
behavior can be more subtle (see next section, theorem 18).
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(L(13, 11), ξot)
2:1 // (L(26, 11), ξ?)
2:1
((
(S3, ξot)
13:1
77
2:1
// (L(2, 11), ξot)
13:1
66
2:1
((
(L(52, 11), ξvot)
(L(4, 11), ξot)
13:1
66
A closer look to the coverings between lens spaces
The test we made with the Poincaré duals gives only a necessary condition that does not
guarantee that the pullback of a given tight contact structure is a tight contact structure
simply because characteristic classes match. So what can be said when there is compatibility
between the Euler class of the contact structures of the base and of the covering? We will try
to present the idea of this subsection by starting from an example.
Again, we choose to describe the double cover of L(34, 7). This time we fix the virtually
overtwisted structure ξ on L(34, 7) where the components of the link have rotation numbers
+3 and +1 respectively, see figure 6a. The computation shows that the Poincaré dual of the
Euler class of ξ is +8 ∈ Z/34Z (via the same identification of H1(L(34, 7)) ' Z/34Z as before).
On the double cover L(17, 7) we take the tight structure ξ¯ corresponding to the rotation vector
(1, 0,−2), as showed in figure 6b.
−1
−1
−1
−1
−1
PD(e(ξ))
T2 × I
T2 × {0}
T2 × {1} (a, b)
slope of dividing set
(a) Contact structure on L(34, 7).
−1
−1
−1
−1
−1
PD(e(ξ))
T2 × I
T2 × {0}
T2 × {1} (a, b)
slope of dividing set
(b) Contact structure on L(17, 7).
Figure 6
By running the computation, we find that PD(e(ξ¯)) = +8 ∈ Z/17, so that the covering map
p : L(17, 7)→ L(34, 7)
takes PD(e(ξ¯)) to 16 = 2 PD(e(ξ)), as it should certainly happen if ξ¯ were isotopic to p∗ξ. But
we will show that this is not the case, and argue that p∗ξ is instead overtwisted.
To do this, we need to use the description of tight structures on lens spaces of [Hon00a]. In
that article it is explained how to cut a lens space endowed with a tight contact structure into
14
two standard solid tori and other pieces called basic slices, see [Hon00a, section 4.3]. Briefly, a
basic slice is a thickened torus T 2 × I with a tight structure on it such that the two boundary
components are convex and satisfy certain conditions on the dividing sets. Moreover, each basic
slice comes with a sign which is specified by (Poincaré dual of) the Euler class of the contact
structure restricted to that basic slice. A schematic picture of a basic slice is represented in
figure 7.
−1
−1
−1
−1
−1
PD(e(ξ))
T2 × I
T2 × {0}
T2 × {1} (a, b)
slope of dividing set
Figure 7: Anatomy of a basic slice.
The contact structure on the lens space is then encoded in the sequence of slopes on each basic
slice and in the corresponding signs. By following the algorithm described by Honda, we find
two blocks of 5 and 3 basic slices respectively, where the slopes of the dividing sets on the
boundary are indicated in figure 8a.
From this picture it is also easy to calculate the Poincaré dual of the Euler class of the
structure we choose according to the sings of each basic slice (indicated with colors blue and
red in figure 8b). The difference of the values at the extremes of a basic slice gives the dual of
the Euler class restricted there, as an element of H1(T 2) ' Z⊕Z written in the basis (∂D2, S1)
specified by the lower solid torus.
By capping off with that solid torus (below) we kill the first of the two summands, so we
can just focus on the second entries. The Poincaré dual of the Euler class of the structure is
finally understood in the first homology group of the lens space once we glue the other solid
torus (above). For example, the structure in figure 8 has PD(e) given by
5 + 5 + 5− 5− 5 + 1 + 1 + 1 = 8 ∈ Z/34Z, (1)
and it is exactly the one resulting from contact (−1)-surgery on the Legendrian Hopf link of
figure 6a, where the component with Thurston-Bennequin number 4 has rotation +3 (corre-
sponding to the three pluses in the lower block), and the other has rotation +1 (corresponding
to the upper block with three pluses and two minuses).
Now we look at the double covering map, which, on every basic slice, looks like
(z, w)→ (z, w2),
where z is the coordinate corresponding to ∂D2 (which will be capped off when the lower solid
torus is glued), and w is the coordinate of the other S1-factor. We split L(17, 7) with a tight
structure into two solid tori: the first one is pictured in figure 9a, and subdivided into a block
of two basic slices, plus a single basic slice, plus a standard solid torus; the other solid torus
is a standard torus which will be glued on top of the uppermost basic slice and which is not
pictured.
All the tight contact structures on L(17, 7) are encoded in the decomposition of the rep-
resented solid torus into these pieces: by choosing the sign of the basic slices we produce all
the different (up to isotopy) 6 tight structures that L(17, 7) supports. As a confirmation of
this, one can think at the different Legendrian representatives of the 3-components link made
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(−5,24)
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±(−1,5)
±(−1,5)
±(−1,5)
±(−1,5)
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±(0,1)
±(0,1)
±(0,1)
D2 × S1
T2 × I
(a) Subdivision into basic slices.
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(−5,24)
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(−2,9)
(−1,4)
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(−1,1)
(−1,3)
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−
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±(−1,5)
±(−1,5)
±(−1,5)
±(−1,5)
±(−1,5)
±(0,1)
±(0,1)
±(0,1)
D2 × S1
T2 × I
(b) Signs of the basic slices.
Figure 8: Description of the contact structure ξ on L(34, 7).
by a chain of unknots with Thurston-Bennequin numbers −2, −1 and −3 (notice indeed that
−17/7 = [−3,−2,−4]). The candidate tight contact structure on L(17, 7) which should be the
pullback of the one on L(34, 7) described by figure 8a has the single basic slice with positive
sign, and the other two in the block with negative signs. This corresponds to the choice of
the rotation numbers for the components of the link to be +1, 0 and −2: the link on which
contact (−1)-surgery should give the pullback structure on L(17, 7) along the covering map is
pictured in figure 6b. The reason why this is the correct candidate is because this is the only
case where we have compatibility of Euler classes: the computation (which can be performed
in two different ways) shows that the Poincaré dual of the Euler class upstairs is −9 ≡ 8
mod (17), which gets sent to 16 = 2 · 8 ∈ Z/34, which, as we already computed in equation 1,
is the double of the PD of the Euler class downstairs.
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(−3,7)
(−1,1)
(−1,2)
(−1,2)
(−1,1)
±(−2,5)
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(a) Subdivision into basic slices.
+
−
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(−5,12)
(−3,7)
(−1,1)
(−1,2)
(−1,2)
(−1,1)
±(−2,5)
±(−2,5)
±(0,1)
(b) Signs of the basic slices.
Figure 9: Description of a contact structure on L(17, 7).
But now we argue that there cannot be compatibility in the signs of the basic slices of
L(34, 7) and L(17, 7). Indeed, once a sign for a basic slice downstairs is chosen, then its
lift should have the same sign (see [Hon00b, section 1.1.4]). By lifting the dividing sets of
the various convex tori we see where the different basic slices go: figure 10 is describing this
by means of colors. Notice that the lowest basic slice of L(34, 7) is pulled back inside the
standard torus, and the same is true for the uppermost slice. Therefore the behavior of the
contact structure upstairs is regulated by what happens to the central slices, i.e. from the
yellow line (-1,2) to the red line (-5,24).
But here we finally see the contradiction. While:
1) the positive slices from yellow (-1,2) to green (-1,4) lift to a positive slice in L(17, 7) and
2) the negative slices from green (-1,4) to blue (-3,14) lift to a negative slice in L(17, 7), we
have that
3) the positive slices from blue (-3,14) to red (-5,24) lift to a negative slice in L(17, 7)
and this is not possible. No matter how we decide to shuffle the basic slices in each single
block (see [Hon00a, section 4.4.5]), we always end up with a contradicting situation (as proved
in theorem 17).
This tells that, even if there is a tight virtually overtwisted structure on L(17, 7) whose
Euler class is compatible with the structure ξ we chose on L(34, 7), the pullback of ξ along the
double covering map is overtwisted, as claimed.
Theorem 17. Any virtually overtwisted structure on L(34, 7) lifts to an overtwisted one
along the double cover
L(17, 7)→ L(34, 7).
Proof. We argue here using the behavior of the basic slices described in figure 10. Look at
the three basic slices in L(17, 7), figure 10b, regardless of the signs. Call ξ¯ the pullback of a
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(b) L(17, 7)
Figure 10: Behavior of slices under the covering map.
given ξ on L(34, 7) and compare the PD of their Euler classes. Assuming that the structures
both are tight, we see that the choice of the sign of the red basic slice in L(17, 7) contributes
to a ±5 for PD(ξ¯) and, pushed down, to a ±10 for PD(ξ). The same is true for the light
blue slice, while the green slice gives a ±1 for PD(ξ¯) and a ±2 for PD(ξ). Moreover, inside
L(34, 7) we have two extra slices (dark green and yellow in figure 10a), whose signs can be
chosen independently. Requiring compatibility of Euler classes means to impose
PD(ξ) ≡ PD(ξ¯) mod 17.
Therefore, according to what we have just said:
±10±10±2±5±1 ≡ ±5±5±1 mod 17
which is the same as
±5±5±1±5±1 ≡ 0 mod 17.
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Clearly, this can be done only in two ways, namely by choosing all pluses or all minuses. And
these correspond exactly to the two universally tight structures, for which we already knew
that there is compatibility. Therefore, among the virtually overtwisted structures there cannot
be a coherent choice of signs resulting in compatible Euler classes. 3
Theorem 18. Any virtually overtwisted structure on L(52, 11) lifts to an overtwisted one
along all of its non-trivial covers.
Proof. At the end of previous section we argued that in the covering lattice of L(52, 11) the
only case which was more subtle to describe was the double cover
L(26, 11)→ L(52, 11),
because otherwise we already knew that virtually overtwisted structures on the base would
lift to overtwisted structures. We analyze this remaining case as we did before, by looking
for compatibility between the signs of the basic slices and the count of the possible Euler
classes. Figure 11 shows where the basic slices go, from L(26, 11) to L(52, 11). The count of
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(−3,14)
(−2,9)
(−1,4)
(−1,4)
(−1,3)
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(−3,7)
(−1,2)
(−1,2)
(−1,1)
(−1,1)
±19
±5
±5
±1
±1
±1
±5
±1
(a) L(52, 11)
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(b) L(26, 11)
Figure 11: Behavior of slices under the covering map.
the Poincaré duals of the two Euler classes gives
±10±2±19±1 ≡ ±5±1 mod 26
which is the same as
±5±1±19±1 ≡ 0 mod 26.
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Again, we see that this can be done only in two ways, namely by choosing all pluses or all
minuses, which correspond exactly to the two universally tight structures. Therefore, among
the virtually overtwisted structures there cannot be a coherent choice of signs resulting in
compatible Euler classes. 3
Theorem 19. Let p, q and d be such that p < dq. Then every virtually overtwisted contact
structure on L(p, q) lifts along a degree d covering map to a structure which is overtwisted.
Proof. If the pullback of the contact structure were tight, it should fit with the description of
tight structures according to the basic slices subdivision. We claim that the lower solid torus
H1 until the level −p/q gets all pulled back into the standard solid torus whose dividing set
has slope −1/1. This comes from the fact that the curve with slope (−q, p) pulls back to the
one with slope (−dq, p), according to the behavior
− pdq 
·d // −pq .
But by assumption − 11 < − pdq , and since the slopes of the dividing sets are increasing when
read from top to bottom (compare with figure 8a), the claim follows.
Since we are considering a virtually overtwisted structure on L(p, q), the pullback of H1 cannot
be tight, otherwise it would be universally tight, being it a subset of a standard solid torus
(which does not support virtually overtwisted structures). Therefore, we must have here an
overtwisted disk, as wanted. 3
Corollary 20. Let p1, p2 be prime numbers both < q. Then each non-trivial covering of
(L(p1p2, q), ξvo) is overtwisted, for any virtually overtwisted structure ξvo.
Proof. It is a direct consequence of previous theorem, since
p1p2 < dq,
where d is either p1 or p2 (which are the only possible degrees for a non-trivial covering). 3
Remark. The hypothesis of theorem 19 can be relaxed by just requiring that p′ < dq′,
where p′ and q′ are determined as follows: let
−p
q
= [a1, . . . , an]
be the continuous fraction expansion, with ai ≤ −2 for each i = 1, . . . , n. Then define p′ and
q′ as
[a1, . . . , an + 1] = −p
′
q′
.
In this way we have
−p
q
< −p
′
q′
so that the requirement −1 < −p′/q′ is less restrictive. The reason why theorem 19 stays
true with this weaker assumption is that the description of a contact structure via basic slices
shows as the smallest slope (hence on top of the uppermost block) precisely the slope −p′/q′
(see [Hon00a, section 4.6]). To ask that, from this level down, the solid torus is pulled back
inside the standard torus in the covering guarantees the existence of an overtwisted disk in the
covering space, as argued in the proof of theorem 19.
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There is another description of the two numbers p′ and q′ which is intrinsic in the sense that
does not involve the computation of the continued fraction expansion: given p and q, let q∗ be
the multiplicative inverse of q, modulo p, i.e.
q∗q ≡ 1 (p).
If we put p′ = p+ q∗, then q′ is the multiplicative inverse of q∗, modulo p′, i.e.
q′q∗ ≡ 1 (p′).
Comparing pi1 and χ of a filling
The goal of this section is to see some applications in concrete examples of theorem 6, which
is proved below.
Proof. Take the universal covering X˜ → X, of degree d, whose boundary is the (connected)
degree-d covering L(p/d, q)→ L(p, q). The Euler characteristics satisfy
χ(X˜) = dχ(X)
and hence, by theorem 1,
χ(X) =
χ(X˜)
d
≤ 1 + l
d
.
3
Corollary 21. Let X be a Stein filling of a lens space L(p, q) with a virtually overtwisted
structure, and let d be a divisor of p. If
2d > 1 + length(p/d, q),
then the fundamental group of X cannot be Z/d.
Proof. It follows by contradiction from theorem 6 if we look at the associated d-covering
X̂ → X and remember that 2 ≤ χ(X), as proved in section 3. The number length(p/d, q) has
to computed after reducing q modulo p/d. 3
Sometimes, depending on the arithmetic of the rational, it happens that the behavior of
the basic slices of a covering is never compatible with the choice of signs determining the Euler
classes, and this guarantees the covering itself to be overtwisted, which in turn implies that
all the fillings are simply connected. But there are cases where a non-trivial cover of a tight
virtually overtwisted structure stays as such, and so we need other arguments to calculate the
fundamental group of a filling.
A compatible case is illustrated for example by figure 12, which represents the double cover
L(28, 15)→ L(56, 15),
where the contact structures on the two lens spaces are specified by figure 13.
If we look at the lattice of coverings of L(56, 15) we see that this contact structure ξ (figure
13a) lifts to an overtwisted one along some (at least one) covering maps:
(L(7, 1), ξ?)
2:1 // (L(14, 1), ξ?)
2:1 // (L(28, 15), ξvot)
2:1
((
(S3, ξot)
7:1
77
2:1
''
(L(56, 15), ξvot)
(L(2, 1), ξot))
2:1
//
7:1
>>
(L(4, 3), ξot)
2:1
//
7:1
==
(L(8, 7), ξot)
7:1
66
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(b) L(28, 15)
Figure 12: Compatible choice of signs for a covering map.
Therefore we cannot apply directly the criterion of previous section to conclude that the
Stein fillings of (L(56, 15), ξ) are simply connected. By the fact that lifting ξ to L(8, 7) results
in an overtwisted structure, we get that the kernel of i∗ cannot be contained in Z/8Z, where
i : L(56, 15) ↪→ X
is the inclusion of the boundary of any Stein filling X. We have that
pi1(X) =
Z/56Z
ker i∗
,
so the possibilities are:
• ker i∗ = Z/7Z, which gives pi1(X) = Z/8Z,
• ker i∗ = Z/14Z, which gives pi1(X) = Z/4Z,
• ker i∗ = Z/28Z, which gives pi1(X) = Z/2Z,
• ker i∗ = Z/56Z, which gives pi1(X) = 1. The following proposition proves that
Proposition 22. pi1(X) = 1.
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(b) L(28, 15)
Figure 13: Contact surgery producing lens spaces.
Proof. Consider the Stein filling XΛ of (L(56, 15), ξ) described by the diagram of figure 13a.
We want to compute the d3 invariant of the contact structure on the boundary:
d3(ξ) =
1
4
(c1(XΛ)
2 − 3σ(XΛ)− 2χ(XΛ)).
The first Chern class c1(XΛ) is zero, because it evaluates as roti = 0 on the three generators
of H2(XΛ). Moreover, σ(XΛ) = −3 and χ(XΛ) = 4. Therefore
d3(ξ) =
1
4
.
Notice that c1(ξ) = 0 because it is the restriction of c1(XΛ), which is 0 itself. Being any
contact structure on a lens space planar ([Sch07]), we can apply [OSS05, corollary 1.5] and
conclude that any Stein filling of (L(56, 15), ξ) has vanishing c1.
We want to compute d3(ξ) using the Stein filling X. For what we have just said c1(X)2 = 0
and we also have σ(X) = 1− χ(X). So:
1
4
= d3(ξ) =
1
4
(c1(X)
2 − 3σ(X)− 2χ(X)) = 1
4
(−3 + χ(X)).
This tells that
χ(X) = 4.
Now we analyze the possibilities for its fundamental group case by case.
i) Suppose that pi1(X) = Z/8Z. Then we pass to the universal covering X˜ → X, of degree
8, whose boundary is the (connected) degree-8 covering L(7, 1)→ L(56, 15). By theorem
6 we have
χ(X) ≤ 1 + length(7, 1)
8
=
1 + 1
8
=
1
4
,
which is impossible. So pi1(X) 6= Z/8Z.
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ii) If pi1(X) = Z/4Z, we pass to the universal covering and since length(14, 1) = 1, we get
χ(X) ≤ 1/2. This is not possible, hence pi1(X) 6= Z/4Z.
iii) Again, we take the universal covering X˜ → X, of degree 2, whose boundary is the
(connected) degree-2 covering L(28, 15)→ L(56, 15). By theorem 6, we have
χ(X) ≤ 1 + length(28, 15)
2
=
1 + 3
2
= 2
and hence χ(X) ≤ 2, which is not possible. Hence pi1(X) 6= Z/2Z.
iv) We conclude that any Stein filling of (L(56, 15), ξ) is simply connected. (Note that by
[Men18, theorem 1.3] we already know that in fact there is a unique filling obtained by
attaching three 2-handles to B4 along the link of figure 13a).
3
The result proved in theorem 6 is that somehow for a Stein filling X of (L(p, q), ξvo) "the
bigger pi1(X) is, the smaller its Euler characteristic is forced to be". Of course this is in general
spoiled by the quantity l, appearing in the statement, which depends on the numbers p/d and
q (one should first reduce q modulo p/d, in case it were bigger).
On the other hand, if p is small, then by theorem 19 we have a bigger chance of finding cov-
erings of L(p, q) which are overtwisted, and hence apply our criterion to bound the cardinality
of pi1(X). For this reason, in the first version of this paper we expected that:
Conjecture. Every Stein filling of (L(p, q), ξvo) is simply connected.
However, Marco Golla found an easy criterion to produce Stein fillings of virtually overtwisted
structures on lens spaces that are not simply connected: for example, let
−p
q
= [−4,−2n,−4], n > 1,
and consider the Legendrian representative of the 3-components link associated to this contin-
ued fraction expansion where the first and third components have rotation number +2, while
the middle one has rotation number 0. The fillings of this virtually overtwisted structure are
understood thanks to the work of [Men18] and [McD90]. In particular, there is a filling which
is obtained from a boundary connected sum of two rational homology balls with pi1 = Z/2Z
(corresponding to the two -4) by attaching a single Weinstein 2-handle (corresponding to the
central −2n): this handle attachment does not kill the whole Z/2Z ∗ Z/2Z, resulting in a non
simply-connected filling.
References
[Boy86] Steven Boyer. Simply-connected 4-manifolds with a given boundary. Transactions
of the American Mathematical Society, 298(1):331–357, 1986.
[Don87] Simon K Donaldson. The orientation of yang-mills moduli spaces and 4-manifold
topology. Journal of Differential Geometry, 26(3):397–428, 1987.
[Eli90] Yakov Eliashberg. Filling by holomorphic discs and its applications. Geometry of
Low-Dimensional Manifolds: Volume 2: Symplectic Manifolds and Jones-Witten
Theory, 2:45, 1990.
[Etn04] John B Etnyre. Planar open book decompositions and contact structures. Interna-
tional Mathematics Research Notices, 2004(79):4255–4267, 2004.
24
[Fos19] Edoardo Fossati. Contact surgery on the hopf link: classification of fillings. arXiv
preprint arXiv:1905.13026, 2019.
[GGP17] Paolo Ghiggini, Marco Golla, and Olga Plamenevskaya. Obstructions to planarity
of contact 3-manifolds. arXiv preprint arXiv:1708.04108, 2017.
[GL12] Ana G Lecuona. On the slice-ribbon conjecture for montesinos knots. Transactions
of the American Mathematical Society, 364(1):233–285, 2012.
[Gro85] Mikhael Gromov. Pseudo holomorphic curves in symplectic manifolds. Inventiones
mathematicae, 82(2):307–347, 1985.
[Hon00a] Ko Honda. On the classification of tight contact structures i. Geom. Topol, 4:309–
368, 2000.
[Hon00b] Ko Honda. On the classification of tight contact structures ii. Journal of Differential
Geometry, 55(1):83–143, 2000.
[Kal13] Amey Kaloti. Stein fillings of planar open books. arXiv preprint arXiv:1311.0208,
2013.
[Lis07] Paolo Lisca. Lens spaces, rational balls and the ribbon conjecture. Geometry &
Topology, 11(1):429–472, 2007.
[Lis08] Paolo Lisca. On symplectic fillings of lens spaces. Transactions of the American
Mathematical Society, 360(2):765–799, 2008.
[McD90] Dusa McDuff. The structure of rational and ruled symplectic 4-manifolds. Journal
of the American Mathematical Society, 3(3):679–712, 1990.
[Men18] Michael Menke. A JSJ-type decomposition theorem for symplectic fillings. arXiv
preprint arXiv:1807.03420, 2018.
[OS04] Peter Ozsváth and Zoltán Szabó. Holomorphic disks and genus bounds. Geometry
& Topology, 8(1):311–334, 2004.
[OS13] Burak Ozbagci and András Stipsicz. Surgery on contact 3-manifolds and Stein sur-
faces, volume 13. Springer Science & Business Media, 2013.
[OSS05] Peter Ozsváth, András Stipsicz, and Zoltán Szabó. Planar open books and floer
homology. International Mathematics Research Notices, 2005(54):3385–3401, 2005.
[PHM10] Olga Plamenevskaya and Van Horn-Morris. Planar open books, monodromy factor-
izations and symplectic fillings. Geometry & Topology, 14(4):2077–2101, 2010.
[Rie74] Oswald Riemenschneider. Deformationen von quotientensingularitäten (nach zyklis-
chen gruppen). Mathematische Annalen, 209(3):211–248, 1974.
[Sch07] Stephan Schönenberger. Determining symplectic fillings from planar open books.
Journal of Symplectic Geometry, 5(1):19–41, 2007.
[SSW08] András I Stipsicz, Zoltán Szabó, and Jonathan Wahl. Rational blowdowns and
smoothings of surface singularities. Journal of Topology, 1(2):477–517, 2008.
[Wan12] Andy Wand. Mapping class group relations, stein fillings, and planar open book
decompositions. Journal of Topology, 5(1):1–14, 2012.
E. Fossati, Scuola Normale Superiore, Piazza dei Cavalieri 7, Pisa.
E-mail address: edoardo.fossati@sns.it
25
